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We reexamine the effect of kinetic decoupling on the relic density of the non-relativistic particles whose
annihilation rate is increased by Sommerfeld enhancement. I claim that the result in Dent et al. (2010)
[1] is wrong in the case of kinetic decoupling for small coupling constant α.
© 2013 Elsevier B.V. All rights reserved.In recent letter [1], Dent’s et al. investigated the thermal relic
particle abundances for the case of Sommerfeld-enhanced s-wave
annihilations in analytic way and discussed the effects of kinetic
decoupling on the relic density. In part B of Ref. [1], the authors
claim that the value of the coupling α for Sommerfeld enhance-
ment can be small enough to produce a negligible change in the
relic abundance without kinetic decoupling, but it can have a large
effect once kinetic decoupling occurs. Here α is a coupling con-
stant between the Weakly Interacting Massive Particles (WIMPs)
and force carrier φ. They take the value for coupling as α = 0.01
for an example. Here I argue that the authors overestimate the
effect of kinetic decoupling for the case of Sommerfeld-enhanced
s-wave annihilations for small coupling constant.
Sommerfeld enhancement of the annihilation cross section is
arised when the annihilating particles self-interact through a long-
range attractive potential due to a light force carrier φ at low ve-
locity. When massless force carrier mediates interactions between
annihilating particles, the s-wave annihilation cross section is en-
hanced by a factor [2]
S = 2πα/v
1− e−2πα/v . (1)
In Ref. [1], the authors discussed the relic abundances for the
case of Sommerfeld-enhanced s-wave annihilation in the limit
α/v  1, where the Sommerfeld factor is simpliﬁed to S →
2πα/v . They show that the standard analytic approximation, mod-
iﬁed in a straightforward way, provides a good estimate of the relic
particle abundance. In the second part of that paper, the authors
investigated the effects of kinetic decoupling on the relic particle
density with Sommerfeld enhancement. They claim that accord-
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temperature Tχ is the same as the thermal background radiation
temperature T or Tχ = T ; after kinetic decoupling Tχ = T 2/Tk ,
where Tk is the kinetic decoupling temperature. The change of
Tχ due to the kinetic decoupling alters the velocity evolution of
the annihilating particles, the reason is that v ∝ T 1/2χ for non-
relativistic particles. The thermal average of standard s-wave anni-
hilation cross section 〈σ v〉 is independent of Tχ , thus the kinetic
decoupling has no effect on the relic particle density in this case.
However, The effect of kinetic decoupling is noticeable for the case
of Sommerfeld-enhanced s-wave annihilation.
In Ref. [1], the authors describe the effect of the kinetic de-
coupling on the evolution of the relic particle abundance for
Sommerfeld-enhanced s-wave annihilation which is shown in
Fig. 1. Here the Sommerfeld enhancement scales as 1/v , the cou-
pling α = 0.01.  = Y −YEQ in the ﬁgure is the difference between
the particle abundance and particle equilibrium abundance; x is in-
verse scaled temperature x = m/T ; T f (x f ) is thermal decoupling
temperature, usually it is called freeze out temperature. This ﬁgure
is based on the solution of Boltzmann equation. The solid line is
for the case of no Sommerfeld enhancement; the dot dashed line is
for Sommerfeld enhancement without kinetic decoupling; the lines
with label T f are for the kinetic decoupling case with different ki-
netic decoupling temperatures. It is shown that when α = 0.01,
for which the Sommerfeld effect by itself is negligible without ki-
netic decoupling, there is strong effect of the kinetic decoupling
upon the relic particle abundances. For example,  = Y − YEQ is
6.2×10−13 for no kinetic decoupling case at x = 106;  = Y − YEQ
is decreased to 2.2 × 10−14 at x = 106 for the case of kinetic de-
coupling temperature T f = Tk .
Following, I claim that their result is wrong for small coupling
α = 0.01. We should remember that Eq. (1) can be reduced to
S → 2πα/v only for α/v  1. If α is very small, the contribution
256 H. Iminniyaz / Physics Letters B 723 (2013) 255–256Fig. 1. The effect of kinetic decoupling on the evolution of the relic particle abun-
dance for the case of s-wave annihilation for α = 0.01. Here m = 500, σ0 = 3.0 ×
10−26 cm3/s, x f = 20.
of the Sommerfeld effect to relic particle density is negligible. On
the other hand, in the case of kinetic decoupling, the thermal av-
erage of the Sommerfeld-enhanced s-wave annihilation cross sec-
tion becomes 〈σ v〉 = σ0〈S〉 = 2α√πσ0x/√xk for α/v  1, where
σ0 is s-wave contribution of the annihilating cross section. Thus
for small α, the effect of kinetic decoupling should be small. In
Ref. [3], the thermal average of the Sommerfeld-enhanced s-wave
annihilation cross section times relative velocity for the whole
range of α is obtained in very good agreement with the numer-
ical results as
〈σ v〉 = σ0〈S〉
= σ0 1+ 7(α
√
πx )/4+ 3(α√πx )2/2+ (3/2− π/3)(α√πx )3
1+ 3(α√πx )/4+ (3/4− π/6)(α√πx )2 .
(2)
In the present work, I use Eq. (2) and calculated the relic par-
ticle abundance numerically before and after kinetic decoupling
for α = 0.01 which is shown in Fig. 2. The solid line is for the
particle abundance evolution as a function of inverse scaled tem-
perature without Sommerfeld enhancement; the double dotted line
is for Sommerfeld enhancement without kinetic decoupling. The
lines with label T f are for the kinetic decoupling case with differ-
ent kinetic decoupling temperatures. Fig. 2 shows that when the
coupling is small, the effect of kinetic decoupling on the relic par-
ticle abundance is small. We see that  = Y − YEQ is decreased to
2.2×10−13 at x = 106 for kinetic decoupling temperature T f = Tk .Fig. 2. The effect of kinetic decoupling on the evolution of the relic particle abun-
dance for the case of s-wave annihilation, where α = 0.01. Here m = 500, σ0 =
3.0× 10−26 cm3/s, x f = 20.
It is 10 times larger than the value which is shown in Fig. 1. As the
decrease of the kinetic decoupling temperature, the effect becomes
smaller. Therefore, I argue here Fig. 1 is wrong and S → 2πα/v for
α/v  1 can’t be used for small coupling constant for kinetic de-
coupling case. This is the reason why the authors in Ref. [1] obtain
the correct behavior for α = 0.3 for the kinetic decoupling and
wrong behavior for α = 0.01.
Concluding my argument, I claim that Ref. [1] is wrong for the
case of the kinetic decoupling for small coupling constant. The cor-
rect result should be as Fig. 2.
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